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FUNCTIONAL CALCULUS FOR C 0 -GROUPS USING (CO)TYPE 


JAN ROZENDAAL 


Abstract. We study the functional calculus properties of generators of Co¬ 
groups under type and cotype assumptions on the underlying Banach space. 
In particular, we show the following. 

Let — L4 generate a Co-group on a Banach space X with type p G [1,2] and 
cotype q £ [2, oo). Then A has a bounded 7^°°-calculus from D^(2 — 1 ) to 

X , i.e. f(A) : D^(2. — 2,1) —>• X is bounded for each bounded holomorphic 
function / on a sufficiently large strip. 

As a corollary of our main theorem, for sectorial operators we quantify the 
gap between bounded imaginary powers and a bounded / H°°-calculus in terms 
of the type and cotype of the underlying Banach space. For cosine functions we 
obtain similar results as for Co-groups. We extend our results to R-bounded 
operator-valued calculi, and we give an application to the theory of rational 
approximation of Co-groups. 


1. Introduction 


Let 

(i.i) 


—i A generate a Co-group (E/(s)) s6 r C C(X) on a Banach space X , and let 


6{U) := inf > 0 3M > 1 : \\U{a)\\ < Me fl|s| for all s G k| . 


For each oj > 0 define 


(1.2) St w := {z G C | |Im(,s)| > w}, 

and let H°°(St u ) be the space of bounded holomorphic functions on St w with the 
supremum norm. There is a natural definition of f(A) as an unbounded operator 
on X for each u> > 9(U) and each / G %°°(St aJ ) (see Section I27T1) . It was shown by 
Boyadzhiev and deLaubenfels in [S] that, if A is a Hilbert space, then there exists 
a constant C > 0 such that f(A) G C(X) with 

(1-3) II/(TII,c(_y) — CH/ll W «(st tt ) 

for each / G H°°(St w ). One says that A has a bounded H 00 -calculus. 

It is useful to know that an operator has a bounded 'H°°-calculus. The theory 
of H°°-calculus has applications to questions of maximal regularity (see [2^ f32lf35] ) 
and played a crucial role in the solution to the Kato square root problem in W- 
Also, functional calculus bounds can be used to determine convergence rates in the 
numerical approximation theory for solutions to evolution equations (see [9ll20j). 

It is known that one can still obtain nontrivial functional calculus results when 
X is not a Hilbert space. For example, it was shown in [23] that if —i A generates a 
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Co-group (/7(s)) s gR on a UMD space X, then A has a bounded %i°(St w )-calculus 
for all w > 9(U). Here consists of all / G "H^St^) such that 

(1.4) ll/llw-cs^) : = SU P \f(z)\ + \zf(z)\ <oo. 

In |28l a similar statement was obtained on general Banach spaces, where one 
restricts the operators to real interpolation spaces between X and the domain of A. 

However, there are several drawbacks to functional calculus theory for function 
spaces which are strictly contained in the class of "H^-functions. For example, in 
applications one might be interested in functions / which are not contained in a 
smaller function space such as St u ). But even when dealing with a function / 
which is known to yield a bounded operator f(A), it can be of interest to know that 
(11.31) holds, instead of an estimate for ||/(A)|| jC ^_ x -^ with respect to a larger function 
norm such as in m- This is the case for numerical approximation schemes for 
solutions to evolution equations, where one can often improve convergence rates for 
operators with a bounded "H^-calculus (see )i5]fl8]). 

Moreover, a bounded %°°-calculus yields square function estimates that arise 
frequently in harmonic analysis (see |21II33II37[ ) and that are of use in e.g. the theory 
of stochastic evolution equations (see |45]|46|). Also, a bounded "H^-calculus can 
be “bootstrapped” to yield large classes of l?-bounded operators, and the notion 
of l?-boundedness has various applications in the theory of evolution equations 
(see ES]). Such links have not been made for functional calculus theory with respect 
to function spaces other than the class of 'H 00 -functions. 

Finally, it seems somewhat unsatisfactory that there is such a rough division 
between functional calculus properties on Hilbert spaces and on UMD spaces, in the 
sense that one goes from a bounded "H^-calculus on Hilbert spaces to a bounded 
"H^-calculus on UMD spaces. One might expect a finer division of functional 
calculus results within the class of UMD spaces, and for instance on L p -spaces one 
might hope that functional calculus properties improve as p tends to 2. The latter 
is indeed the case for symmetric contraction semigroups on L p -spaces (see [TTHT3I ). 

In the present article we aim to address the issues above. We study 'H 00 -calculus 
for generators of Co-groups in terms of the type and cotype of the underlying Banach 
space (see Definition 12.31) . Our main result, proved in Theorem 14.11 is as follows. 
(For the real interpolation space D^(i — 1) see (11.71) 1. 

Theorem 1.1. Let —i A generate a Co-group (t/(s)) s e® Q £(X) on a Banach space 
X with type p G [1,2] and cotype q G [2,oo). Let u> > 9(U). Then there exists a 
constant C > 0 such that D^(i — i,1) C D(/(A)) and 

II/(^) x IIa: — ^ ll/ll«~(st u ) H a 'llD. 4 (i-|,i) 

for all f G %°°(St w ) and all x G D^(i — i, 1). 

Under additional geometric assumptions we improve Theorem 11.11 Indeed, in 
Theorem ro we show that, if X is (a complemented subspace of) a p-convex and 
g-concave Banach lattice (see Definition 12.61) , then for each A > oj there exists a 
constant C > 0 such that D((A + iA) - p + 5) C D (f(A)) and 

(!-5) \\f(A)x\\ x < C ll/ll^^s^) ||(A + iAy*+«x\\ x 

for all / G 'H°°( Stu) and all x G D((A + iA)“p + «). 
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Theorem 11.11 shows that each generator — iA of a Co-group on a Banach space 
X with type p and cotype q has a bounded ’H 00 -calculus from Da(^ — 1) to X, 

and A has a bounded "H^-calculus from D((A + iA) _ p + i) to X under additional 
assumptions on X. Note that Theorem 11.11 is only interesting if ^ ^ > 0, since 

D^(0,1) = {0}- Because -) — = 0 if and only if X is isomorphic to a Hilbert 
space, and since each Hilbert space is isomorphic to a 2-convex and 2-concave 
Banach lattice (an L 2 -space), together Theorem 11.11 and (11.511 extend the result of 
Boyadzhiev and deLaubenfels in [5] to Banach spaces with finite cotype. 

The interpolation spaces 0^(0,1) and the fractional domains D((A + \A)~ e ) 
increase as 9 tends to zero. Therefore the statements in this paper show that 
many functional calculus properties depend in a quantitative manner on how “close” 
the geometry of the underlying space is to that of a Hilbert space. Since each 
UMD space has non-trivial type and finite cotype, Theorem 11.11 provides a scale 
of functional calculus results on UMD spaces. For (D, p) a measure space and 
p € [ 1, oo), the space L p (f2, p) is a p-convex and p-concave Banach lattice with type 
min(p, 2) and cotype max(p, 2). Hence our results show that the functional calculus 
properties of group generators on L p -spaces improve as p tends to 2. 

In Corollary 14.51 we deduce from Theorem [□] that each / <£ %°°{ St w ) with 
polynomial decay of order a > ^ | at infinity satisfies f(A) £ C(X). Under the 

assumptions of (11.51) the case a = jj — j is attained. 

That group generators on Hilbert spaces have a bounded 'H 00 -calculus on strips 
implies that sectorial operators with bounded imaginary powers have a bounded 
sectorial "H^-calculus, as shown by McIntosh in [JDl. It is known that outside 
of Hilbert spaces an operator with bounded imaginary powers need not have a 
bounded 'H 00 -calculus. In Theorem I5J1 we quantify the gap between bounded 
imaginary powers and a bounded 'H 00 -calculus, by showing that each sectorial oper¬ 
ator A with bounded imaginary powers has a bounded sectorial "H^-calculus from 
^iog(A) (p ~ 1) t° A if the underlying Banach space X has type p £ [1,2] and 

cotype q £ [2,oo). As in the classical case of a bounded H°°-calculus, we obtain 
from this an unconditionality result and square function estimates. 

For generators of cosine functions we derive similar results as for Co-groups. In 
particular, in Theorem 15.41 we show that each generator —A of a cosine function 
on a Banach space X with type p and cotype q has a bounded parabola-type 'H, ca - 
calculus from — i), 1) to X. 

We extend Theorem o and (11.51) to operator-valued functional calculi. Then 
we show that, under the assumption that X has property (a), in Theorem ll.il A in 
fact has an i?-bounded 7^°°-calculus from — i, 1) to X. Similarly, we obtain 

an I?-bounded version of m- These results are sharp, as Example 16.51 shows. 

To indicate the use of Theorem 1 1.1 1 we give an application to the study of numer¬ 
ical approximation methods for the solutions to evolution equations. In Proposition 
[7731 we consider a method of rational approximation proposed in [311141] . and for 
exponentially stable groups on L p -spaces we improve the rates of convergence which 
were obtained in m- In Corollary 17.41 we show that many rational approximation 
methods of exponentially stable Co-groups converge strongly on Dyi(i — i, 1) if the 
underlying space X has type p £ [1,2] and cotype q £ [2, oo). 

To prove Theorem 1 1.1 1 we use transference principles going back to rnmm- The 
transference technique has been applied to functional calculus theory in [T5], [59] 
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and [MlESlEZlGiH] . In [28] an interpolation version of the transference principle for 
unbounded groups from [24] was established. This transference principle was then 
combined with a theorem about Fourier multipliers on vector-valued Besov spaces. 
In the present paper we also obtain a transference principle involving vector-valued 
Besov spaces, but we combine it with a theorem about Fourier multipliers between 
distinct Besov spaces. For (11.51) we use a statement about Fourier multipliers from 
L p to L 9 . These results, Propositions 12.41 and 12.71 were discovered recently in [44 ;. 

This paper is organized as follows. In Section [5] we discuss some of the basics 
of functional calculus theory, vector-valued Besov spaces and the notions of type 
and cotype. We then state two results from [44] which are vital for that which 
follows. In Section [3] we establish two new transference principles for Co-groups. 
We use these in Section [4] to prove Theorem 11.11 and (11.51) and some corollaries for 
Co-groups. In Section [5] we obtain results for sectorial operators and generators of 
cosine functions, and in Section El we extend the results from previous sections to 
l?-bounded operator-valued calculi. Finally, in Section [7] we give an application to 
the theory of rational approximation schemes. 

1.1. Notation and terminology. We write N := {1,2,3,...} for the natural 
numbers and No := NU{0}. We denote by C+ the open right half-plane of complex 
numbers z € C with Re(z) > 0, and C_ := C \ C + . 

We denote Banach spaces over the complex numbers by X and Y. The space 
of bounded linear operators from X to Y is C(X,Y), and £(X) := C(X,X). The 
domain of a closed operator A on X is D(A), a Banach space with the norm 

Ill'llD(A) := IMIx + \\M\x ( X ^ D(N)). 

The spectrum of A is cr(A) and the resolvent set p(A) := C \ cr(A). We write 
R( A, A) := (A — A ) _1 for the resolvent operator of A at A £ p(A). 

For p £ [1, oo] and (fi, p) a measure space, L P (H; X) denotes the Bochner space of 
equivalence classes of p-integrable X-valued functions on f2. We often write ||-|| = 
IMIl p (r-c)- For u, £ No we let W ra,p (R;X) be the Sobolev space of n times weakly 
differentiable / £ L P (R;X) such that /(”) £ L P (R;X). The Holder conjugate of p 
is denoted by p' and is defined by 1 = | + y. 

We let M(R) denote the space of complex Borel measures on R with the total 
variation norm. For w > Owe let M W (R) be the convolution algebra of p £ M(R) of 
the form p(ds) = e _ “l s li/(ds) for some v £ M(R), with ||//||m4r) := ll e< ^ ^llM(R)- 

For H ^ 0 open in C, we denote by 7t°°(0) the space of bounded holomorphic 
functions / : Q —> C, a Banach algebra with the norm 

ll/llw-(0) : = SU P I/Ml (/ e 7t°°(fl)). 

v ze n 

The class of X-valued rapidly decreasing smooth functions on R is <S(R; X), and 
the space of X-valued tempered distributions is <S'(R;X). The Fourier transform 
of $ £ 5'(R; X) is If p £ M U (R) for w > 0 then Tp £ ‘H°°( St w ) is given by 

Tp(z) := f e~ lzs p(ds) (z £ St w ). 

J R 

An interpolation couple is a pair (X, Y) of Banach spaces which are embedded 
continuously in a Hausdorff topological vector space Z. The real interpolation 
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space of (X, Y) with parameters 9 £ [0,1] and q £ [l,oo] is denoted by {X,Y)e, q - 
If T : X + Y —> X + Y restricts to a bounded operator on X and Y then 

(1-6) ll^1l,C((A',V)g,g) — H^ll-Cpf) ll^1I.C(r) 

for all 9 £ (0,1) and q £ [l,oo]. We mainly consider real interpolation spaces for 
the interpolation couple (X, D(A)), where A is a closed operator on X. We write 

(1.7) D A (9,q) := (X,D(A))e, g and IMI 0 , g := IMI DA ( 0 , g ) 

for x £ D a{ 9, q). 

For an operator B on X and a continuously embedded space 7 4X, the part 
of B in Y is the operator By on Y that satisfies Byy = By for y £ D (By) := 
{z £ D (B) fib | Bz £ Y}. We write B S q := B D a( 9.?) f° r ^ £ [0,1] and q £ [l,oo]. 

Let SI C C be be unbounded and / : X — > C, g : X — > [0,oo). We write 
f(z ) £ 0(g(z )) as z —> oo if there exists a Zq £ and a constant C > 0 such that 
|/(z)| < Cg(z) for all z £ 12 with \z\ > \zq\. 

2. Functional calculus and Fourier multipliers 

In this section we present the background on functional calculus and Fourier 
multipliers which will be needed for the rest of the article. 

2.1. Functional calculus. We assume that the reader is familiar with the basics 
of the theory of Co-groups from E3 and the functional calculus for generators of 
Co-groups as treated in [22j Chapter 4]. 

An operator A on a Banach space X is a strip-type operator of height coo > 0 if 
er(A) C St U0 , where Sto := R, and sup AgC \ Stij ||i?(A,A)|| < oo for all uj > w o- For 
w > 0 let 

£(St w ) := { g £ 'H°°(St UJ ) \g(z) £ 0(|^| _ “) for some a > 1 as |Re(~)| —> oo } . 

The strip-type functional calculus for a strip-type operator A of height ujq is defined 
as follows. First, operators f(A) £ £(X) are associated with / £ £(St w ) for u > w 0 ; 

(2.1) /(A ):=--f f(z)R(z,A)dz. 

27ri Jd st„, 

Here SSt^ is the positively oriented boundary of St w / for w' £ (uio,ui). This proce¬ 
dure is independent of the choice of a/ by Cauchy’s theorem, and yields an algebra 
homomorphism £(St w ) —> C(X). The definition of f(A) is extended to a larger 
class of functions by regularization , i.e. 

(2.2) f(A):=e{A)-\ef)(A) 

if there exists an e £ £(St w ) with e(A) injective and ef £ £(St u ). Then /(A) is 
a closed unbounded operator on X, and the definition of /(A) is independent of 
the choice of the regularizer e. Each f £ ) is regularizable by the function 

2 4(1- z)~ 2 for |Im(A)| > u. 

Let —iA generate a Co-group (U(s)) se r C £(X). Then A is a strip-type operator 
of height 9(U), with 9(U ) as in (11.111 . Let M > 1 and u > 0 be such that ||C(s)|| < 
for all s£l. For g £ M W (R) let 

Uf.x := [ 

Jr 


(2.3) 


U(s)xdg(s) (x £ X). 
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The mapping p. t/ M is an algebra homomorphism M W (R) —► C(X) called the 
Hille-Phillips calculus , and the following lemma from [23} Lemma 2.2] shows that 
this calculus is consistent with the strip-type calculus for A. 

Lemma 2.1. Let —i A generate a Co-group (C/(s)) s g® C C{X) on a Banach space 
X, and let ui > a > 0. Then for each f £ £(St u ) there exists a /i £ M Q (R) such 
that f = Tp, and f(A) =U^ £ C(X). 

A fundamental result in functional calculus theory is the Convergence Lemma. 
The following is a version of this lemma adapted to our setting. 

Lemma 2.2 (Convergence Lemma). Let A be a densely defined strip-type operator 
of height wo > 0 on a Banach space X. Let Y be a Banach space continuously 
embedded in X such that D(A 2 ) C Y is dense. Let ui > u>o and let (fj)j^j C 
H°%St u ) be a net satisfying the following conditions: 

• sup ieJ ||/j|| w „ (stu) < oo; 

• f(z ) := linij fj(z ) exists for all z £ St w ; 

• sw Pjej\\fj( A )\\c(Y,x) <0 °- 

Then f £ ■H°°(St w ), f(A) £ C(Y,X), fj(A)x —> f(A)x for all x £ Y and 
\\f(A)\\ 

C(Y,X) — limsup \\ fj(A)\\£, YX ). 
j'e J 

Proof. The proof is very similar to the proofs of [52, Proposition 5.1.7] and [6] 
Theorem 3.1]. Vitali’s theorem for nets (see j3] Theorem 2.1]) implies that / £ 
'H°°{ St w ) and that fj —> f uniformly on compact subsets of St w . Let A > u. 
Applying the dominated convergence theorem to EH) yields 

fj{A)x = (A)(iA - Afx (A)(iA - A) 2 x = f(A)x 

and 

||/(A)x|| a - < limsup \\fj{A)\\ c , Y x) Ikllr 

3 

for all x £ D(A 2 ). The required statements now follow since D(A 2 ) C Y is dense 
and f(A) is a closed operator. □ 


2.2. Fourier multipliers and (co)type. In this section we treat Fourier multi¬ 
plier operators under type and cotype assumptions on the underlying space. For 
more on type and cotype see [14]. Recall that a Gaussian sequence is a sequence of 
independent standard normal random variables on a probability space (fl,P). 

Definition 2.3. Let X be a Banach space, (jk)ke n a Gaussian sequence on a 
probability space (f2,P) and p £ [1,2], q £ [2, oo]. 

• X has (Gaussian) type p if there exists a constant C > 0 such that for all 
n £ N and all xi,..., x n £ X, 


(E||^ 7fe a ;fe || 2 ) 1/2 <c(^||a: fe r) 

k=l 1 


1/p 


(2.4) 
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• A has (Gaussian) cotype q if there exists a constant C > 0 such that for 
all n £ N and all x \,..., x n £ X, 


(2.5) 


n ]-/q n 

(£>*11*) 9 <c(E||^7^ fe 

fc=l fc=l 


2 



with the obvious modification for q = oo. 


The minimal constants C in (I2.4|i and (12.5|1 are called the Gaussian type p con¬ 
stant and the Gaussian cotype q constant and will be denoted by r Pt x and c q .x- 
We say that X has nontrivial type if X has type p £ (1,2] and that X has finite 
cotype if X has cotype q £ [2, oo). 

Note that it is customary to replace the Gaussian sequence in Definition ^.3l bv a 
Rademacher sequence , i.e. a sequence (r^f-g^ of independent identically distributed 
random variables on a probability space (f2, P) with P(ri = 1) = P(ri = —1) = - 
This does not change the class of spaces under consideration, only the minimal 
constants in m and (031) . We choose to work with Gaussian sequences because 
the constants r Pt x and c, h x occur in Proposition 12.41 

Every Banach space X has type p = 1 and cotype q = oo, with r\ t x = Coo,x = 1. 
If X has type p and cotype q then it has type r with T r ,x < t p ,x for all r £ [l,p] 
and cotype s with c s ,x < c q< x for all s £ [g,oo]. A Banach space X is isomorphic 
to a Hilbert space if and only if X has type p = 2 and cotype q = 2, by [51)3• Also, 
a Banach space X with nontrivial type has finite cotype. Each UMD space has 
nontrivial type. 

Let A be a Banach space with type p £ [1,2] and cotype q £ [2, oo). Let 
r £ [l,oo) and let U be a measure space. Then L r (f2; A) has type min(p, r) and 
cotype max(g,r), by P3J Theorem 11.12]. 

Let ip £ C°°(R) be nonnegative with supp(i/>) C [1,2] and J2kL-oo V’(2 _fc s) = 1 
for all s £ (0,oo). For k £ N and s £ K let <pk{s) '■= i/'(2 _fc |s|) and <po(s) : = 
1 — J2kLi ‘fk(s). Let A be a Banach space and let p,q £ [l,oo] and r £ R. The 
(inhomogeneous) Besov space B> r v (R; A) is the space of all / £ <S , (R; A) such that 


J;.Y) •” 


-\kr I 


J 7 \k * / 


L P (R;.Y)/ fcgNo 


< OO, 


ei 


endowed with the norm ||-|| B r Then Bp g (R; A) is a Banach space, <S(R; A) C 

Bp g (R; A) is dense if p, q < oo, and a different choice of tp yields an equivalent norm 
on B^ (R; A). More details on vector-valued Besov spaces can be found in fTHTTil . 

For A a Banach space and m £ L°°(R;£(A)), define the Fourier multiplier 
operator T m : <S(R; A) —> <S'(R; A) with symbol m by 


T m (f) := J 7-1 (m ■ Xf) (/ £ <S(R; A)). 


For each p, £ M(R), 

(2.6) L p (f) ■= p* f (/ £ 5(R; A)) 

defines a Fourier multiplier operator with symbol J-p£ L°°(R). 

Let A and Y be Banach spaces and (rfc)fcgpj a Rademacher sequence on a proba¬ 
bility space (fi, P). A collection T C £(A, Y) is R-bounded if there exists a constant 
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C > 0 such that, for all n £ N, xi ,..., x n £ X and Tj,..., T n £ T, 


(2.7) 


(e|| E r k T k x k 
k= 1 


2 s 1/2 

yJ 


< c(e|| y^r-fcXfc 

fc=l 


2 0/2 
x) 


The minimal constant C in cud is denoted by R(T). If we want to specify the 
underlying spaces X and Y then we write Rx,y(T) = i?(T), and we write Rx(T) = 
R(T) if T C C(X). By the Kahane contraction principle, each uniformly bounded 
collection T C C is i?-bounded as a subset of C(X), with Rx(T) equal to the 
uniform bound of T. 

The following is a result discovered recently in [44] . 


Proposition 2.4. Let X be a Banach space with type p £ [1,2] and cotype q £ 
[2,oo]. Let r £ R, s £ [l,oo) and let m £ L°°(M;£(X)) be such that (m(s) | s £ 
K} C C(X) is R-bounded. Then T m £ 1 ^ 9 (K; X), B^ S (R; X)) with 

]| , ^m||£(Bp+ 1 /,p_ 1 ,/, (R;A'),BJ S (R;A')) — T P,XCq,X Rx \ S £ E})- 

Corollary 2.5. Let X be a Banach space with type p £ [1,2] and cotype q £ [2, oo]. 
Then £ £(BpJ -1/, (R; X), L9(K; X)) with 

II II £(Bp( p- 1 /g (R;A'),L g (R;A)) — T pX c qX 11 T 11 L°°(R) 

for each p, £ M(R). 


Proof. By the Kahane contraction principle, Rx({Xp(s) | s £ M}) = ||^ r A t || L oo(] R p 
Since B° 1 (R;X) is contractively embedded in L 9 (R;X), the result follows by ap¬ 
plying Proposition 12.41 to = T^. □ 


We assume that the reader is familiar with the basics of Banach lattices from [38] . 


Definition 2.6. Let X be a Banach lattice and p 1 q £ [1, oo], 

• X is p-convex if there exists a constant C > 0 such that for all n £ N and 


all xi, ..., x n £ X, 


(ei«i’) v 1 sc ( 5: ii^r) 


i/p 


k =1 fc=1 

with the obvious modification for p = oo. 

X is q-concave if there exists a constant C > 0 such that for all n £ N and 
all xi, ..., x n £ X, 


n \ I n 

(En^ii 9 ) 9 <c||(Ei^i 


*:=i fc=i 

with the obvious modification for q = oo. 


1/9 


Every Banach lattice X is 1-convex and oo-concave. If X is p-convex and q- 
concave then it is r-convex and s-concave for all r £ [l,p] and s £ [g,oo]. By [381 
Proposition l.f.3], if X is g-concave then it has cotype max(g, 2), and if X is p-convex 
and g-concave for some q < oo then X has type min(p,2). For (LI, p) a measure 
space and r £ [1, oo), L r (ff, p) is an r-convex and r-concave Banach lattice. 

Recall that a subspace X C Y of a Banach space Y is said to be complemented 
if there exists a projection P £ C{Y) with P(Y) = X. 
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Proposition 2.7. Let X be a complemented subspace of a p-convex and q-concave 
Banach lattice, where p £ [1, 2] and q £ [2, oo). Then there exists a constant C > 0 
such that T m £ £(L P (R; X), L 9 (R; X)) with 

(2.8) ll^m||£(LP(R;X),L 9 (R;X)) — Ci?x({(l + S 2 ) 2 ^ «^77l(s) | S £ R}) 

for each m £ L°°(R;£(X)) such that i?x({(l + s 2 ) 2 ^p _ ^m(s) | s £ R}) < oo. 

Proof. Write 9 := — i). Let Y be a p-convex and g-concave Banach lattice 

with X C Y and P £ £(Y) a projection with P(Y) = X. Let m £ L°°(R;£(X)) 
be such that i?x({(l + s 2 ) e m{s) \ s £ M}) < oo. It is straightforward to check that 
mP £ L°°(R; £(Y)), where mP(s) := m(s)P £ £(Y) for s £ R, is such that 

(2.9) R y ({( 1 + s 2 ) e mP(s) | s £ R}) < ||P|| £(y) R x ({( 1 + s 2 ) e m(s) \ s £ R}). 

It is shown in [33] that there exists a constant C > 0 independent of m such that 
T mP £ £(L P (R; Y), L 9 (R; Y)) with 

(2.10) ll^mP|l£(LP(R;Y),L9(R;Y)) — CRy{{(1 + S 2 ) 8 mP(s) \ S £ R}). 

Since T m p |"lp(R;a:) = T m , combining (12.91) and (12.101) concludes the proof. □ 


3. Transference principles 

In this section we establish two new transference principles for Co-groups. 
For to > 0 and p £ M U (R) let p u £ M(R) be given by 

(3.1) p u (ds) := cosh(ws)p(ds), 


and note that 
(3.2) 

for all s £ R. 


f(s + iw) + f(s - iw) 

Xpu{s) = --- 


Proposition 3.1. Let oj > wo > 0 and p £ [1,2], q £ [2, oo). Then there exists 
a constant C > 0 such that the following holds. Let X be a Banach space with 
type p and cotype q, and let —i A generate a Co-group (f/(s)) sS R C C(X) such that 
ll^( s )llc(.Y) < M cosh(wos) for all s £ R and some M > 1. Then 


U{s)x p( ds) 


< CT p ,xCq,xM 2 || Hj 


\ X \\l/v- 


l/p-1/9.1 


for all p £ M U (R) and all x £ D, 4 (- — -, 1). 


Proof. Since Da( 0, 1) = {0}, we may assume that -£ — Ye (0,1). Let 


(3.3) 


ip(s) := 


1 


and ip(s) := 


cosh(2 us) 
for s £ M. Define t : X —y L P (R; X) by 
(3.4) ix(s) := ijj(—s)U(—s)x (x £ X, s £ 

and P : L«(R;X) -A X by 


V8co cosh(ws) 
7T cosh(2ws) 


(3.5) 


Pf := [ (p(s)U(s)f(s) ds (/ £ L«(R; X)). 
J R 
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Then i. is bounded, with 

(3.6) IMI,c(x,l p (R;X)) — M HV’(') c°sh(ojo‘)|| p ■ 

By Holder’s inequality, P is bounded and 

(3.7) I|7 , ||£(l'*(r;a:),a') — Af ||y>(-) cosh(wo')ll(j' • 

It is shown in the proof of [281 Proposition 3.1] that i : D(A) -A- W 1,P (R;X) is 
bounded, with 


(3.8) ll t ll£(D(A),w 1 ' p (R;A)) < M (2w lltanh^ + 1) IIV'(-) cosh(w 0 -)||p • 

Now, 

B^f- 1/9 (R;X) = (L p (R;X),W 1 ’ p (R;X)) i _ i 

with equivalent norms, where the constant which occurs in the norm equivalence 
does not depend on X (see [33 Lemma 2.5]). Hence it follows from (11.61) . (13.61) and 
(13.81) that i : D^(| — 1) —► B^f _1 ^ 9 (R;X) is bounded with 


(3.9) 


| £Pa(£-|,i),b 


1/p-l/q 

P, 1 


(R;A)) 


< C\M, 


for some constant Ci > 0 independent of A and X. 

It is shown in [23] Theorem 3.2] that ip * if{s) = for all s £ R. Let 

Un £ C{X) be as in (12.31) . Then the abstract transference principle from 23 Section 
2] yields the commutative diagram 


Bp/f" 1/9 (R;X) L ^- > L9(M;X) 

‘I 1 F 

of bounded maps. Finally, estimate the norms of P and t using (13.71) and (13.91) and 
apply Corollary 12.51 to L^. □ 


For Banach lattices we establish another transference principle. 


Proposition 3.2. Let uj > wo > 0 and p £ [1,2], q £ [2,oo). Let X be a com¬ 
plemented subspace of a p-convex and q-concave Banach lattice. Then there exists 
a constant C > 0 such that the following holds. Let —i A generate a Co-group 
(t/(s)) sg R C C(X) such that ||I7(s)|| £( - x ^ < Mcosh(u;os) for all s £ R and some 
M > 1. Then 


U ( s)x p(ds) 


x 


< CM 2 sup ((1 + s 2 )2 (p ^ l-C /j w (s)|') ||x||x 
seR v ' 


for all p £ 


and all x £ X. 


Proof. For p £ Moj(R) let t/ M £ C(X) be as in (12.31) . Let i and P be as in (13.41) 
and (13.51) , with if and ip as in (13.31) . As in the proof of Proposition 13.11 one can 
factorize t/ M as = P o L^ o i. Hence (13.61) . (13.71) and Proposition 12.71 conclude 
the proof. □ 


4. Results for Co-groups 

In this section we obtain functional calculus results for generators of Co-groups. 
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4.1. The main result for Co-groups. We now prove our main functional calculus 
result for Co-groups, already stated in the Introduction as Theorem ll.il 

Theorem 4.1. Let —i A generate a Co-group (U(s )) se r C C(X) on a Banach space 
X with type p £ [1,2] and cotype q £ [2,oo). Let w > 8{U). Then there exists a 
constant C > 0 such that Da(~ — 4,1) C D(/(a1)) and 

(^•l) ll/(^)ll J C(D A (±-i,l),A) ^ C ll/l|-H“(St„) 

for all f £ 

Proof. First consider / € £ (St w ) and let a £ (8(U),u). By Lemma [2~i1 there exists 
a p £ M a (R) with f = J 7 p a and f(A) = 11^. By Proposition 13. II 

\\f( A )x\\ X C C ||^ r Ma|lL°°(K) ll a 'lli-i,l 

for all x £ (1 f p — l/q, 1) and some constant C > 0 independent of / and x. This 

implies (14.111 since ||J r /r ct || L oo^ < as follows from (13.21) . 

For general / £ %°°(St w ), define Tk(z) := — k 2 (\k — z)~ 2 for k £ N with k > ui 
and 2 £ St w . Then /t*, £ £(St^) for all k, 

SU P ll/ r fc|l'H 00 (St ^ ) ^ H/llH“(St^) su Pll'rfc||-H-(St IJ ) < 00 > 
k k 

and frk(z) —> f{z ) as k —► oo, for all z £ St w . By what we have already shown, 
WfT k {A)x\\ x < C||/T fc || Woo(Stu) IMIi-i,! < C" ll/llw«( Stu) Iklli-i.m 

where C' = Csup fc Since D(v4 2 ) C D^(4 — ^,1) is dense, and since 

limsup fc ||-nt|| w «, (stw ) = 1, Lemma El yields f(A) £ C(T>a(\ ~ with 

ll/(^)llz;(D A (i-i,l),A') — ^ ll/llw~(St„) > 

which concludes the proof. □ 


Under additional assumptions we can improve Theorem 14.11 Note that (14.21) 
indeed improves (ED, since T>a{9, 1) C D((A + iAl) e ) for each group generator A, 
Asl sufficiently large and 8 £ [0,1], by j3S] Proposition 4.1.7]. 


Theorem 4.2. Let —i A generate a Co-group (f7(s)) s£ R C C(X) on a complemented 
subspace X of a p-convex and q-concave Banach lattice, where p £ [1,2] and q £ 
[2, oo). Let A > u > 9(U). Then there exists a constant C > 0 such that D((A + 
i A)p~~i) C D(f(A)) and 


(4-2) ||/(A)|| 

for all f £ TL°°( St u ). 


£(D((A+L4)p i),X) 


<c I 




Proof. Write 8 := 4 — 4. For / £ £(St w ) and a £ ( 8(U ), uj) there exists &p £ M Q (R) 
with / = J 7 p a and f(A) = U^, by Lemma l24l Let x £ D((A + i A) 8 ). By (22J 
Corollary 3.3.6], 

f(A)x = f(A)(X + L4)" S (A + i A) e x = U^U V { A + iA) e x = U^ v { A + \A) s x, 
where v £ M W (R) is given by u(d s) := r^yl[o,oo)( s ) se_le_As ds. By (13.21) . 
sup (1 + \s\ 2 ) e/2 \T{p * i/) a (s) | < Ci ||/|| W oo (su 
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for some constant Cl > 0. Now Proposition 13.21 yields a constant C 2 > 0 such that 
\\f( A ) x \\x < C 2 sup(l + |s| 2 ) e/2 |.7 r (p*z')a(s)| ||(A + L4) s a;|| 

<C 1 C 2 ||/|| w « (stu) ||(A + iA) e x\\ x , 

which proves (14.21) for / £ £ (St^). To obtain (14.21) for general / £ ’H 00 (St tl j) proceed 
as in the proof of Theorem 14.11 □ 

Remark 4.3. Note from the proofs of Theorems 14.11 and 14. 2 1 that the constants in 
(14.11) and (14.21) depend on A only through through the norm ||fA(s)|| £(Y ) °f U(s) 
for all s £ R. In (14.11) the constant C depends on the underlying space X only 
through the Gaussian type p constant and the Gaussian cotype q constant of X. In 
particular, the dependence of C on these constants is as in Proposition ^. 41 In (14.21) 
the constant depends on the underlying space only through the constant in (12.81) . 
Note from the proof of Proposition [277] that, if (12.81) holds with constant C > 0 on 
Y and if X is complemented in Y by a projection P, then ([2.811 holds on X with 
constant C||P|| £ (y). 

4.2. More results for Co-groups. We now derive some additional results for 
group generators from Theorems 14.11 and 14.21 

Proposition 4.4. Let —iA generate a Co-group ({7(s)) s£ r C C(X) on a Banach 
space X with type p £ [1,2] and cotype q £ [2, 00 ). Let lo > 6{U) and a, A £ C 
with Re(o) > - — - and Re(A) > ui. Then there exists a constant C > 0 such that 
D((A + L4)“) C D(/(A)) and 

||/(Al)(A + iA)-“|| £W <C ll/ll WTO(stu) 

for all f £ %°°(St w ). 

Proof. The case p = q = 2 follows from Theorem 14.21 If A — | £ (0,1) then, 
by [33 Propositions 1.1.4 and 4.1.7], D((A + L4)“) C D^(A — A,l) continuously. 
Hence the proof is concluded by appealing to Theorem 14.11 □ 

In Proposition 14.41 we may let a = f — A if X is a complemented subspace of 
a p-convex and g-concave Banach lattice, as follows from Theorem 14.21 The same 
applies to the following result. 

Corollary 4.5. Let —i A generate a Co-group (/7(s)) s gR C £(X) on a Banach space 
X with type p £ [1,2] and cotype q £ [2, 00 ). Let a > - — - and A > ui > 8(U). 
Then there exists a constant C > 0 such that the following holds. Let f £ TL°°{ St^) 
he such that f{z) £ 0(\z\~ a ) as |Re(;z)| —> 00 . Then f(A) £ £(X) with 

(4.3) ll/(^)ll£po < C sup |A + iz\ a \f(z)\. 

zest™ 

Proof. Apply Proposition 14.41 to (A + i•)“/(•) £ P°°(St w ). □ 

Remark 4.6. Let —iA generate a Co-group (U (s)) s€ r C C{X) on a UMD space X. 
In [24] it is shown that A has a bounded 'H] >0 (St tJ )-calculus for all u> > 9(U ), where 
’Hi°(St w ) is defined by (11.41) . Since X has type p £ (1,2] and cotype q £ [2, 00 ), one 
can compare our results with those in I24j . We note that our results do not imply 
those in [24], nor does [24] imply the results in this article. 
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Indeed, let w > 9{U). Then f{z) \= (A + \z) a defines an element of "H^St^) 
for all a > 0 and A > w, but Corollary 14.51 does not apply to / if a £ (0, | — -). 
Also, the function / £ r H°°(St u ) given by f(z ) := e -lz (A + i z)~ a is not an element 
of %i°(St w ) if a £ (- — |, 1) but decays with order a > ^ | at infinity. 

Although in both these examples it is clear that f(A) £ C(X), the difference 
between estimating ||/(A)|| £ ^ by (11.41) or using (14.31) is relevant for numerical 
approximation methods, as shown in Section [7] 

We now obtain a version of Theorem 14. II for other interpolation spaces. 


Proposition 4.7. Let —i A generate a Co-group (t/(s)) se R C C(X) on a Banach 
space X with type p £ [1, 2] and cotype q £ [2, oo). Let lo > 9(U), r £ (0,1 — | + i) 
and s £ [1, oo]. Then there exists a constant C > 0 such that 


||/(A)a:|| ri( ,<C||/|| Woo(stw) ||a:|| r+ i_ iB 
for all f £ TL°°( Stw) and x £ D A (r + — |,s). 

Proof. Let / £ St w ) and first consider the case where s = 1. Then the part 
-L4 ril of -i A in D A (r, 1) generates the Co-group (U(s) lEu(r,i))seR Q C(D A (r, 1)) 
which satisfies 9(U IdaC.i)) < #(C), by [28J Lemma 2.2]. Hence Theorem [JT] yields 


(4-4) ll/(A-,l)*ll r ,l — ^ ll/ll«°°(St w ) IMI(D A (r,l),D(A,.,i))i_i 

V Q ’ 

for all x £ (D A (r, 1), D(A r i)) i _ i 1 . Moreover, D a (t-, 1) = (X, D(A 2 )) rj and 
D(A ri i) = (X,D(A 2 ))r+i 1 with equivalent norms, bv [391 Proposition 3.1.5], Hence, 
by [31 Proposition 3.1.5] and the Reiteration Theorem (see [H Theorem 1.3.5]), 


(Da(t l),D(A r i))i_i 1 

p g ’ 


((A,D(A 2 )) iil ,(X,D(A 2 )) I + il ) i _ iil 

z 2 ’ V q ’ 

U.D(T)), (r+ i_i w 

D-e + i-i.i). 


Combine this with (14.41) . using that f(A rA )x = f(A)x for all x £ D(f(A rA )) 
by [28[ Lemma 2.2], to conclude the proof in the case where s = 1. 

For general s £ [1, oo], the Reiteration Theorem yields 


D A (r,s) = (D A (0 1 ,l),D A (6» 2 ,l)) 9ia 


and 


D A (r + ± — i, s) = (D A (0! + i - f, 1),D A (0 2 + \ - i l)) fl 


for certain 9\, #2 £ (0,1 — i + |) and 0 £ (0,1). Now apply (11.61) to what we have 
shown already to conclude the proof. □ 


Remark 4.8. For q < oo Proposition 14.71 can be proved directly, without using 
Theorem 14.11 To do so, adapt Proposition 13.11 to the setting of Proposition 14.71 
using instead of Corollary [H the more general Proposition 12.41 and then proceed 
as in the proof of Theorem 14.11 

Similarly, Theorem 14.21 extends to other fractional domains. 
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Proposition 4.9. Let —i A generate a Co-group (U(s)) s e R Q £(A) on a comple¬ 
mented subspace X of a p-convex and q-concave Banach lattice, where p £ [1,2] and 
q £ [2,oo). Let A > co > 8(U). Then there exists a constant C > 0 such that 

||(A + iA) a f(A)x\\ x < C' 11/11^00(3^) ||(A + iA) a+ p~^x\\x 

for all a £ <C, f £ 'H°°(St u ,) and x £ D((A + i^4) a+ p _ «). 

Proof Apply Theorem 14.21 to (A + L4) a x £ D((A + iA)p _ «) for each x £ D((A + 

L4)° + M). □ 


5. Results for sectorial operators and cosine functions 

In this section we derive from Theorem o some results for sectorial operators 
and generators of cosine functions. 


5.1. Sectorial operators. For <p £ (0,7r) let S v := {z £ C | |arg(;z)| < y>}. An 
operator A on a Banach space X is said to be a sectorial operator of angle <p if 
cr (A) C S v and sup {\\zR(z, A)|| | if £ C \ S,/,} < oo for all if £ (ip, it). 

For sectorial operators one can construct a functional calculus in a similar manner 
as for strip-type operators. Define f(A) £ C(X) via a Cauchy-type integral for 


/ £ := { 5 G U°°(S^\3C,S > 0 : | 5 (*)| < C-^s} 


and then regularize as in (12.21) . For details see [521 Chapter 2]. If A is an injective 
sectorial operator of angle p £ (0, n) then log(A) is defined via the sectorial calculus 
for A, as is /(A) for all if £ (tp, tt) and / £ TL°°(S^). A sectorial operator A of angle 
ip £ (0,7r) has bounded imaginary powers if A is injective and if —ilog(A) generates 
a Co-group (U(s )) se r C C(X). Then U(s) = A -ls for all s £ R and A is sectorial 
of angle 8a := 9(U ), by [43] Theorem 2]. We write A £ BIP(X). 


Theorem 5.1. Let A £ BIP(A) with 9 a < tt, where X is a Banach space with 
type p £ [1, 2] and cotype q £ [2, oo). Let ip £ (8 a, tt). Then there exists a constant 
C > 0 such that Di og p 4 )(i — i, 1) C D(/(A)) and 

ll/(^)ll£(D log(A) (L-i,l),X) ^ C 'II/II?I“(S^) 

for all f £ H°°(S ■,/,). 

Proof. By [22] Theorem 4.2.4], (g o log)(A) = g(log(A)) for all g £ H°°(St^). Since 
g i->- golog is an isometric isomorphism %°°(St^) -4 TL°°( Sy,), Theorem l4.1l concludes 
the proof. □ 


In fact, one can deduce from Proposition [T7] that /(A) : D log (_A)(r + p ~ q> s ) ~~ 5 ► 
Diog (A)( r , s ) is bounded for each r G (0,1 — + ^) and each s £ [1, oo], with 


ll/(^ 4 )llz;(D log(A) (r+i-i, s ),D Iog(A) (r' >s )) < C II/II• 

In the same manner one can deduce from Corollary 14.51 that each f £ TL°°(S^) such 
that f(z) £ 0(|27t — ilog(^)| — “) for some a > ^ ^ satisfies /(A) £ £(X). 

From Theorem IO we obtain unconditionality of the functional calculus and 
square function estimates in the same manner as in 1351 Theorem 12.2]. 
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Corollary 5.2. Let A £ BIP(X) with 9a < tt, where X is a Banach space with type 
p £ [1,2] and cotype q £ [2,oo). Let if £ (9a, tt), / £ Hg°(S^) and let (rk)kez be a 
Rademacher sequence on a probability space (Q, P). Then the following assertions 
hold: 

• su P{IIEL-n e fe/( 2fc ^)ll£(D log(j4) (i-i.i),x) I n £ N,t > 0 ,ek = ±1} < oo; 

• there exists a constant C > 0 such that 


sup 
t> o 


Y. r k f(2 k tA)x 

k=— oo 


L 2 (fi;X) 


< C ||x|| n /I 

— II IIUlo g (A)(p 


. 1 ) 


/or all x £ D log(j4) (± - ±, 1), and 


sup 

t>0 


y r k f(2 k tA)*x* 

k=— oo 


< C , ||ar*|| jc 

L 2 (n;D log(A) (L-i,l).) 


/or all x* £ X*. 


Remark 5.3. If X is a complemented subspace of a p-convex and g-concave Banach 
lattice, for p £ [1,2] and q £ [2,oo), then Theorem 14.21 yields that f(A) : D((27r + 
ilog(A))p - 5) —> X is bounded for all if £ (9a, tt) and / £ H°°(S^). Then Corollary 
15.21 can also be improved by replacing Di og (yi)(- — 1) by D((27r + ilog(A))p _ «). 

5.2. Cosine functions. For u> > 0 let 77 w := p 2 | z £ St^}. An operator A on 
a Banach space X is of parabola-type uj if cr(A) C LI^ and if for all ui' > to there 
exists M u i > 0 such that 

\\R(\A)\\ < M “' -y ^ e c\n u ,). 

-y/fXl ^|Im(v / A)| - cj'J 

For operators of parabola-type w > 0 there is a natural functional calculus, 
constructed similarly as the strip-type and sectorial functional calculi, and f(A) is 
defined as an unbounded operator for all / £ 'H 00 (II U1 '), ui' > w. For details see [i-iBI . 

A cosine function Cos : R — > C(X) on a Banach space X is a strongly continuous 
mapping such that Cos(0) = I and 

Cos(t + s) + Cos(t — s) = 2Cos(f)Cos(s) (s, t £ R). 


Then 

0(Cos) := inf > 0 3M > 0 : ||Cos(i)|| < Me"^ for all t £ r| < oo. 

The generator of a cosine function is the unique operator —A on X that satisfies 

p OO 

XR(X 2 ,-A) = e~ xt Cos(t)dt (A > 0(Cos)). 

do 

Then A is an operator of parabola-type 0(Cos). 

We now prove a version of Theorem Id. II for generators of cosine functions. 


Theorem 5.4. Let —A generate a cosine function (Cos(s)) sg R C C(X) on a Ba¬ 
nach space X with type p £ [1,2] and cotype q £ [2,oo). Let u > 9( Cos). Then 
there exists a constant C > 0 such that D a(\(^ — ^), 1) C D(/(A)) and 

II/(^) ll/:(D^i(i (i—i),i),AC) - a || f\\H°°(n u ) 

for all f £ -H°°(77 w ). 
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Proof. The proof follows the same lines as that of [28} Proposition 5.5]. It suffices 
to assume that 6 := | | £ (0,1). By [M} Theorem 2], there is a unique subspace 

VCX such that D(H) C V and such that — iA, where 


with domain D(^4) := D(A) x V, generates a Co-group ([/(s)) s£ r C £(V x X ) on 
V x X. Moreover, by [2J2 Theorem 6.2], 0(Cos) = 0(U). Hence Theorem 14. II yields 
a constant C > 0 such that g(A) £ C{ D^(0,1), V x X) with 

(5-1) ll<?(M)|| C{D a (8,1),VxX) - C\\g\\ n ~(St„) 

for all g £ H°°( St w ). 

Let / £ 'H 00 (77 w ). Then [z i-A g(z) := f(z 2 )} £ "H^St^), with ||fli| woo( st w ) = 
II/IIh“(I£,)- Moreover, it is straightforward to see that 

(5.2) f(A v ) 0 f(A) = g(A). 


Now, 



with D (A 2 ) = D {Ay) x D(H). By [39} Proposition 3.1.4], 

D {A) x V £ K 1/2 (V x X, D (A v ) x D(A)) n J 1/2 (V x X , D (A v ) x D(A )), 
where Ki / 2 and J\/ 2 are as in 139} Definition 1.3.1]. Hence 

v £ k 1 / 2 (x, d(A)) n j 1/2 (x,d(H)) . 

Now [39] Theorem 1.3.5] yields 

D^(0,1) = (V x X , D(H) x V) e s = (V, D(H)) M x (X, V)g A 
= D A (f 1 l)xD,(f,l). 

Combining this with (15.11) and (15.21) yields f(A) £ C (D^ (|, l) , X) with 

II/(^)II£(d a (|,i),x) — IIs(”4)II,c(d.a(0,i),vxx) < C 1 lls , ll«~(st„) = C WfWn^in^) > 

as desired. □ 


From Proposition 14.71 one deduces in a similar manner that, under the assump¬ 
tions of Proposition 15.41 and for all r £ (0,1 — ^(^ — ^)) and s £ [1, oo], there exists 
a constant C > 0 such that 

\\f(A)x\\ r s <C\\f\\ Hao( n u ) IMI r+ i ( i-i )iS 
for all / £ 'H°°(n bJ ) and x £ D A {r + - 1), s). 

Remark 5.5. Let — A generate a cosine function (Cos(s)) s€ r C £(X) on a com¬ 
plemented subspace X of a p-convex and g-concave UMD Banach lattice, where 
p £ [1,2] and q £ [2, oo). Let A > w > 0(Cos). Then there exists a constant C > 0 
such that 

\\f(A)x\\ x <C\\f\\n^n u ) ||(A 2 + A)^-^x\\ x 
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for all / £ ) and x £ D((A 2 + yl) 2 (p _ g)). This follows from Theorem 

14.21 as in the proof of Proposition 15.41 using the complex interpolation method 
and PH Theorem 6.6.9] and [HS Theorem 5.5]. 

It should be noted that generators of cosine functions on UMD spaces have a 
bounded sectorial %°°-calculus, by PU Theorem 5.5]. Hence on UMD spaces The¬ 
orem EH is only of use when it does not suffice to obtain an estimate for ||/(H)a;|| Js: 
with respect to the supremum norm of / on a sector. 

Proposition 15.41 yields the following analogue of Corollary 14.51 By Remark 15.51 
the case a = A(A — A) is attained on complemented subspaces of p-convex and 
g-concave UMD Banach lattices. 

Corollary 5.6. Let —A generate a cosine function (Cos(s)) sS r C C(X) on a Ba¬ 
nach space X with type p £ [1,2] and cotype q £ [2, oo). Let a > — A) and 

A > co > 9(U). Then there exists a constant C > 0 such that f(A) £ C{X) with 

(5-3) \\f( A )\\c(x) < C SU P |A 2 + z\ a \f(z)\ 

for each f £ such that f(z) £ 0{\z\~ a ) as \z\ —> oo. 

6. Operator-valued functional calculus 

In this section we extend our main functional calculus results to i?-bounded 
operator-valued calculi. Since many of the ideas and proofs are similar to those in 
the sections before, we will leave some details to the reader. 

Let A be a strip-type operator of height coq > 0 on a Banach space X. Let 
A C C(X) be the algebra of bounded operators that commute with A, and let 
to > co 0 . For a bounded holomorphic / : St^ —> A such that ||/(z)||£pf) 
for all 2 r £ St w and certain C > 0 and a > 1, define f(A) as in (12.11) . Regularization 
as in (12.21) extends this functional calculus to all bounded holomorphic / : St w —>• A. 

For co > 0 let M W (R; A) consist of the A- valued Borel measures p on 1 such that 
e us p(ds) is of bounded variation. If —i A generates a Co-group (t/(s)) sG r C C(X) 
then one can define Uf £ C(X) as in (12.51) for all co > 0(U) and p £ M W (K;M). 
Versions of Lemmas 12.II and 12.21 hold for this operator-valued calculus. 

For co > 0 and T C C{X) let R'H°°(St u ;T) be the collection of bounded holo¬ 
morphic functions / : St w —> T such that {f(z) | z £ St^} C C(X) is R-bounded. 
If T is an algebra then i?'H°°(St w ; T) is a Banach algebra with the norm 

ll/ll R «»(st„;r) “ Rx({f(z) | * e St w }) (/ £ 

The following result generalizes Theorem l4.ll since each / £ R°°( St w ) dehnes an 
element of RH^St^; A) with ||/|| jR ^ 00(St ^._ A) = ||/|| H o= (Stij) . 

Proposition 6.1. Let —i A generate a Co-group (C/(s )) se r C C(X) on a Banach 
space X with type p £ [1, 2] and cotype q £ [2, oo). Let co > 9(U). Then there exists 
a constant C > 0 such that D^(A — A, 1) C D(f(A)) and 

II/(^)II/;(D a (L-L,1),A) — ^ ll/llirH“>(St w ;.A) 
for all f £ ii!W oc (St w : A ). 

Proof. First extend Proposition 15.II to all p £ M W (R;M) for which Rx({Xp u (s) \ 
s £ R.}) < oo. To this end, note that the abstract transference principle in [25] 
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Section 2] extends to A -valued measures, and appeal to Proposition 12.41 instead of 
Corollary [231 Then proceed as in the proof of Theorem 14.II □ 


The other results in the previous sections can be extended to statements about 
operator-valued calculi in a similar manner. In particular, if in Proposition 16. 1 1 X 
is a complemented subspace of a p-convex and g-concave Banach lattice, then for 
each A > u there exists a constant C > 0 such that D((A + L4)p _ «) C D(/(A)) and 


( 6 . 1 ) 


11 / 04)11 


£(D((A+iA)P «),X) 


<c I 




for all / G R'H co (St UJ ; A). Remark [T31 applies to Proposition 16. II and (16.11) . 

Let (rfc)fegN and (r))jeN be mutually independent Rademacher sequences on 
a probability space (f2,P). We say that a Banach space X has property (a) if 
there exists a constant C > 0 such that, for all m G N, {xj,k}J L k—i C X and 
{ Q Tfc}yfc=l ^ C with \a jtk \ < 1 for all j, k G {1,..., m}, 


^ F.E | E r k'l"jOtj,kXj,k 

j,k =1 


2 \ 1/2 


< c(ee|| ^ rkr'jXj^ 
j,k=l 


1/2 


Each Banach lattice with finite cotype has property (a), and if X has property ( a ) 
then so do the closed subspaces of X and L p (f2; X) for each a -finite measure space 
(fi, fi) and each p G [1, oo). 

Let A be a strip-type operator of height wo > 0 on a Banach space X and let 
w > wo- Let Y C X. We say that A has an R-bounded 'H co (St UJ )-calculus from Y 
to X if Y C D (f(A)) for all / G %°°{ St w ) and 


{/(A) \ Y \ / G "H°°(St w ), ||/|| H oo (Stij) < 1} C C(Y,X) 

is .R-bounded. 


Theorem 6.2. Let — i A generate a Co-group (t/(s)) s£ R C £{X) on a Banach space 
X with property (a), type p G [1,2] and cotype q G [2, oo). Let ui > 0(U). Then 
there exists a constant C > 0 such that 


4, ( i-i,D,x({/(4) f DA (i-±,i)l / G RH^St^AnT)}) < CR X (T) 

for each R-bounded T C C{X). 

In particular, A has an R-bounded 'H°°(St ul )-calculus from D^(4 — 4,1) to X for 
all w > 0(U). 


Proof. The proof is similar to that of [55] Theorem 12.8]. Write 6 - and 

let (rfc)fe e p} be the sequence of Rademacher functions on [0,1], given by r k (t) = 
sgn(sin(2 fc 7rf)) for k G N and t G [0,1]. Let n G N and let Rad"(X) := {X)fc=i r kX k \ 
(£fc)fc=i — X} C L 2 ([0,1];X). Let A be the operator on Rad"(X) with domain 


D(A) = {E r k x k G Rad"(X)|(x„)fc =1 


fe =i 



such that A(Y^ k =i r kXk ) := J2k =i r kAx k for YZ= l rkXk e D ("4)- Then -i A gener¬ 
ates the Co-group (t/(s )) se r C £(Rad"(W)) given by 


n n 

&(*)(E rk%k) = y^ j r k U{s)x k 


k= 1 


k=1 
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for s G R and YJk=i rkXk £ Rad"(X). Note that ||C/(s)|| £ ( Rad -(A)) = ||£f(s)|U(x) 
for all sfl. Moreover, Rad"(X) has type p and cotype q with Tp^d^pf) < C p r Pt x 
and c 9iRa d n (x) < C q c Qt x for constants C p , C q > 0 depending only on p and q that 
come from the Kahane-Khintchine inequalities. By Proposition l6.il and Rcmark l4.3l 
there exists a constant C 1 > 0 independent of n such that 


(6-2) ||/(^)|U(D^(0,l),Rad"(X)) < Ci ll/ll^oo^.J) 

for all / e i?H°°(St w ;M), where A C £(Rad"(X)) is the algebra of operators 
commuting with A. 

Let T C £(X) be /t-bounded and let (/fc)fc=i C KH°°(St u w , A D T). Define 


n n 

/(*) (E rkXk^j = Yr k fk{z)xk 


k= 1 


k= 1 


for z £ St u and Yk =i r k x k £ Rad"(X). Then f(St u ) C „4, and we now show that 
the range of / is i?-bounded in £(Rad"(X)). 

Let (r'-)jgN be a Rademacher sequence on [0,1], independent of (rk)keN- Let 
N, Oj)?-!! C St„ and {yj)JL 1 C Rad”(X). Write % = J2k=i r k x jk for 
j e {1,..., m}, with (xjk ) k —i £ X. Then [35] Lemma 4.11 and Remark 4.10] yield 
a constant C 2 > 0 depending only on X such that 


E r 'jf( z j)yj 

1=1 


t>l nl m n 

/ / 

do lo M J = lfc=1 

«1 «l m n 

C 2 2 R x {T ) 2 / / IIEE r'j{v)r k {u)xjk 

J 0 J 0 -•- 1 7„-I 


L 2 ([0,l];Rad n (A)) _/ 0 _/ 0 


< 


ditdu 


= C 2 2 i?x(T) 2 ||X>' 


Vi 


1=1 


1=1 fc=i 
2 

L 2 ([0,l];Rad"(A))' 


dwdu 


A 


Hence / e i?%°°(St u ;M) with H/H^oo/gt .jft < C 2 Rx(T). Combining this with 
(16.211 yields 


(6-3) ||/(^)|k(D^(6>,l),Rad m (X)) < CiC 2 Rx{T). 


Note that || Xyfc=l l’fc2'/c||Rad n (D(A)) E || X)fc=l *"fc®fc|lD(A) — ^11 Sfe=l x k x k || Rad n (D(A)) 
for all Y^k=i r kXk £ D(H), hence D_j(0,1) = Rad ra (DA(0,1)) with 


(6.4) 


n 

Y rkXk 

fc=1 


< 

Rad n (D A (0,l)) 


Y rkXk 


fc=1 


Da(<M) 


£ 2 11 'N ] T k Xk 
k =1 


Rad n (D A (6»,l)) 
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for all J2k=i r kXk £ D^(0,1). Also, f{A){Y2=\ r kXk) = Y2=i r kfk(A)x k for all 
ELi r k x k e D(/(A)). Hence (16.31) and (16.41) yield 


y^r k f k {A)xk 

k =r 


f{A){^2, r kXkj 

fe=l 


Rad "(A) 


<C 1 C 2 iix(r)|^r fe a :fe 

fc=l 


DaC 0 - 1 ) 


< Ci?x(T)| y, r fc Xfc 

fc=i 


L 2 ([0,l];D A (e,l)) 


for all where C > 0 is independent of T C £(X), n £ N, (/fc)fc=i Q 

RH^Stu', AnT) and (a’fc)))=i C X. This concludes the proof of the first statement. 

For the second statement simply apply the first part of the theorem with T the 
unit ball of C C C(X). □ 


In the same manner we can deduce an A-bounded version of Theorem l4.21 under 
the extra assumption that X has nontrivial type. Recall that any closed subspace 
of a Banach lattice with finite cotype has property (a). 

Theorem 6.3. Let —i A generate a Co-group (/7(s )) se r C C(X) on a complemented 
subspace X of a p-convex and q-concave Banach lattice, where p £ [1,2] and q £ 
[2,oo). Suppose that X has nontrivial type, and let A > ui > 9{U). Then there 
exists a constant C > 0 such that 


R i__i 

D((A+iA) p i 


),X 


i{f(A) 


D((A+iA) p 


xA f £ RU^St^AnT)}) < CR X (T) 
g ) 


for each R-bounded T C C(X). 

In particular, A has an R-bounded 'H ao (St ul )-calculus from D((A + iA)p _ 9) to X 
for all A > ui > 0{U). 


Proof. We use notation as in the proof of Theorem 16.21 It suffices to show that 
there exists a constant C > 0 independent of n £ N such that 


(6.5) 


\\KA)\\ 


£(D((A+L4)p 9),Rad"(X)) 


<C\ 




for all / £ i?.7^°°(St w ; A). Indeed, once this has been established, the rest of the 
proof is identical to that of Theorem 16.21 To obtain (16.51) apply (16.11) to A on 
Rad n (X). To see that the constant C that one gets from this can be chosen inde¬ 
pendently of n, by Remark 1 4.3 1 it suffices to show that Rad n (X) is complemented in 
L 2 ([0,1];W) by a projection P n £ £(L 2 ([0,1]; X)) with ||-Pn|| £(L 2 ([0il];2(:)) < C' for 
some C' > 0 independent of n. The latter in turn follows from the assumption on 
X and Pisier’s characterization in 02] of the AT-convex Banach as the spaces with 
nontrivial type. □ 


We do not know whether the assumption in Theorem 16.31 that X has nontrivial 
type is necessary. 

From Theorems 16.21 and 16.31 we can deduce R-bounded versions of the other 
results in this paper, and in particular Theorems l5.ll and l5.4l in the obvious manner. 
Also, as a corollary of our results, for Co-groups we improve Theorem 6.1]. 
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Corollary 6.4. Let p £ [1,2] and q £ [2, oo). Let —i A generate a Co-group 
(C/(s)) s gR C C{X) on a Banach space X with property (a), type p and cotype 
q. Let uj > 9{U). Then {e~ u ^U(s) | s £ R} C £(D^(^ — 1,1), X) is R-bounded. 

If X is a complemented subspace of a p-convex and q-concave Banach lattice 
and if X has nontrivial type, then {e _aj l s lf7(s) | s £ R} C £(D(A + iA)v~~i, X) is 
R-bounded for each A > to. 

Proof. Apply Theorems 16.21 and 16.31 to {e - ( w l s l +ls ') | s £ R} C H°°( St w /) for u' £ 
(0(U),co). □ 

As the following example shows, Corollary [674] is sharp with respect to the factor 
i — i, and therefore so are Theorems 16.21 and 16.31 

Example 6.5. Let p £ [l,oo) and let (t/(s)) aeK C C(X) be the left translation 
group on X := L P (R) with generator — L4, where Af := if’ for / £ D(A) = 
W 1,P (R). Then D((iA)“) = H“ ,P (R), where H“ ,P (R) is a Bessel-potential space. It 
was shown in [3U1 Example 6.2] that {U(s) \ s £ [—1,1]} C £(H“ ,P (R), L P (R)) is not 
R-bounded for each a e [0, | - ±). Hence {e-“l s IC(s) | s £ 1} C £(D((L4)“), X) 
is not I?-bounded for each «i£R and each a £ [0, A — A). 

7. Rational approximation 

In this section we give an application of the results in previous sections to the 
theory of rational approximation of Co-groups. Note that the results in Section [6] 
can be used to replace the uniform bounds in this section by R-bounds. 

Recall that a Co-semigroup (T(t )) t >o C C(X) on a Banach space X is expo¬ 
nentially stable if there exist M > 1 and ui > 0 such that ||T(£)||£(x) — Afe -1 ^ 4 
for all t > 0. We note that, if —A generates an exponentially stable Co-semigroup 
(T(t )) t >o C C{X) such that T(t) £ C{X) is invertible for each t > 0, —A in fact 
generates the Co-group (C(s )) se r C £(A), where U(s) := T(s) for s > 0 and 
U(s) := T(— s) _1 for s < 0. Then f(A) is defined as an unbounded operator for 
each / £ R°°( < C+) by a shifted version of the strip-type calculus from Section l2Tl 

Lemma 7.1. Let —A generate an exponentially stable Co-semigroup (T(t))t >o on 
a Banach space X with type p £ [1,2] and cotype q £ [2, oo). Suppose that T(t ) is 
invertible for all t > 0. Then there exists a constant C > 0 such that 

(7-1) ll/(^)ll£(D A (i_i, 1 ),X) — C|l/llw“(c+) 

for all f £ H°°(C+). For each (3 > I — I there exists a constant C’ > 0 such that 

(7-2) \\f(A)A-e\\ c{x) <C'\\f\\ HOO(c+) 

for all f £ TL° C (C+). 

Proof. Let / £ Tl co (C+) and apply Theorem 14.11 and Proposition 14.41 to the strip- 
type operator — i(A — w) and the function /(i • +w) £ R°°{ St w ) for w > 0 large 
enough. Then use the composition rule 

f(i ■ +uj)(-i(A - uj)) = f(A), 

which is straightforward to prove in the same manner as [221 Theorem 4.2.4]. □ 

Lemma 17.11 applies to the important question of the power-boundedness of the 
Cayley transform of A. 
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Corollary 7.2. Let —A generate an exponentially stable Co-semigroup (T(t))t >o Q 
C(X) on a Banach space X with type p £ [1,2] and cotype q £ [2, oo). Suppose that 
T(t) is invertible for all t > 0. Then 


sup 

n£N 


(1- A) n 
(1 + A) n 


£(Da(| 


< oo. 


For n £ N let p n and q n be the unique polynomials of degree n respectively n +1 
such that p n (0) = g n (0) = 1 and such that 

Pn{z) cZ 
Qn(z) 

for all z in a neighborhood of 0 £ C. Let r n := Then r n is the n-th subdiagonal 
Pade approximation of the exponential function. 

For - — - £ [0, i) the following proposition improves convergence rates ob¬ 
tained in m Theorem 4.1] for uniformly bounded Co-semigroups on general Ba¬ 
nach spaces. Note that, on a Banach space X with type p £ [1,2] and cotype 
q £ [2, oo), for a > | | we obtain strong convergence of r n (—tA) to T(t) on 

D(A a ) with rate n a<a 0(n -a+ p - «), locally uniformly in t. 


< C\z\ 2n+2 


Proposition 7.3. Let —A generate an exponentially stable Co-semigroup (T(t))t> o 
on a Banach space X with type p £ [1, 2] and cotype q £ [2, oo). Suppose that T(t ) 
is invertible for all t > 0. Let a > - — - and a £ (0, a -1- - ). Then there exists 

J — p q \ 7 p q / 

a constant C > 0 such that 

\\r n (-tA)x - T(t)x|| x < Ct a {n + l) -a \\A a x\\ x 

for all t £ (0, oo), all n £ N with n > j — 1 and all x £ D(Al“). 

Moreover, (r n (— tA)) ng pj converges strongly on — 1) to T(t), locally uni¬ 

formly in t. 


Proof. Let t £ (0, oo) and n £ N with n > f — 1. Set 

r n (~tz) - e~ tz 


m ■■= 


(z £ C+). 


Then Lemma 17.11 yields a constant C > 0 such that 

||(r n (-tA)-T(t))24-“|| jC(JC) = \\f{A)A~<*+ a \\ c{x) < C' \\f\\ H ~ (c+) . 

By i.IBi Lemmas 3.3 and 3.5], 

H/llw-(c + ) = *° z s g u P + rn( ^ + 1 )"“- 

Therefore, with C := 2 C', 

\\r n (-tA)x-T(t)x\\ x < \\(r n (-tA) -T(t))A-°\\ c{x) \\A a x\\ x 
< Ct a (n + l)~ a \\A a x\\ x 

for all x £ D(A a ), as desired. 

Finally, since ||r„|| W o 0 ( C _) < 1 for all n £ N by JlB], Lemma [77T1 yields that 

{r n (-tA) - T{t) | n £ N,t > 0} C £(D A (i - 1,1),X) 

is uniformly bounded. The required statement now follows from what we have 
already shown and the fact that D(Al 2 ) is dense in — |, 1). □ 
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The same method that was used in Proposition 17.31 to yield strong convergence 
on Da(^ — i, 1) also works for other rational approximation methods. Recall that 
a rational function r £ %°°(C_) is said to be A-stable if |MI'h* , (C_) < 1; and r is a 
rational approximation (of the exponential function) of order p £ N if there exists a 
constant C > 0 such that \r(z) — e z \ < C\z\ p+1 for all z in a neighborhood of 0 £ C. 


Corollary 7.4. Let r be an A-stable rational approximation of order p £ N. Let 
—A generate an exponentially stable Co-semigroup (T(t))t>o on « Banach space X 
with type p £ [1,2] and cotype q £ [2,oo). Suppose that T(t ) is invertible for all 
t > 0. Then (r(—LA) n ) n ^ converges strongly on — i, 1) to T(t), locally 

uniformly in t > 0. 


I«”(C+) 


Proof. Lemma [7~T1 yields a constant C > 0 such that 

ll’-f-l- 4 )” - nt)L (Dx( j.j, 1)>x) < C ||r(-i.)" - e- 

< C(||r”|| H ^ c _, + 1) < 2C 

for all n £ N and t > 0. Since, by El Theorem 3], r(—^A) n converges locally 
uniformly in t to T(t) on D(H P+1 ), the uniform boundedness of 

{r(-±Ar - T(t ) | t > 0, n £ N} C £(D A (± -1,1), X) 
and the fact that D(H P+1 ) is dense in Da(^ — 1) yield the desired statement. □ 


Remark 7.5. If X is a complemented subspace of ap-convex and g-concave Banach 
lattice, where p £ [1, 2] and q £ [2, oo), then the case ft = | — | is attained in Lemma 
17.11 Hence, in the setting of Corollary 17.21 


sup 

tiGN 


(i-^r 




C(X) 


< OO. 


(1 + A) 1 

Moreover, one obtains rate 0{n~ a+ p _ «) in Proposition l7.3l and strong convergence 
on D(df“5) in Corollary 17.41 
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